A theory is presented of the longitudinal dispersion of DNA under equilibrium confined in a nanochannel. Orientational fluctuations of the DNA chain build up to give rise to substantial fluctuations of the coil in the longitudinal direction of the channel. The translational and orientational degrees of freedom of the polymer are described by the Green function satisfying the usual FokkerPlanck equation. It is argued that this is analogous to the transport equation occurring in the theory of convective diffusion of particles in pipe flow. Moreover, Taylor's method may be used to reduce the Fokker-Planck equation to a diffusion equation for long DNA although subtleties arise connected with the orientational distribution of segments within the channel. The longitudinal "step length" turns out to be proportional to the typical angle of a DNA segment to the sixth power. The dispersion is underestimated compared to experiment, probably because the harmonic approximation is used to describe the polymer confinement.
Introduction
The mass production of nanostructures has become routine. Since nanoconfined DNA is of obvious interest in fields ranging from analytical chemistry to genomics, there has been considerable activity in DNA nanoscience in the past decade. In particular, research on the behavior of DNA enclosed in nanochannels and nanoslits has been expanding rapidly (see e.g. recent reviews [1] [2] [3] [4] [5] [6] ).
The segment distribution of nanoconfined DNA is strongly inhomogeneous which leads to taxing statistical mechanical problems. Orientational and translational degrees of freedom are strongly coupled in the FokkerPlanck equation describing the probability 7 .Although this type of coupling has been known for some time in various transport problems including chemical rate theory 8 , convective diffusion [9] [10] [11] and the diffusion of neutrons in nuclear reactors 12, 13 , little progress in the practical solution of the Fokker-Planck equation seems to have been achieved since then.
The myriad orientational and transverse fluctuations of a wormlike chain in a nanotube ultimately add up to significant fluctuations of the worm in the longitudinal direction. If the tube is thin enough, the chain of contour length L may be viewed as a sequence of L λ deflection segments of length L λ λ θ . Thus a simple scaling analysis establishes a remarkable sixth power law in terms of the angle θ . But of considerable relevance is the precise magnitude of this effect whose computation will be attempted here. The dispersion is important in gauging the accuracy of locating genes on the DNA by fluorescent microscopy 15, 16 .
The orientation of the wormlike DNA couples to the spatial gradient in the Fokker-Planck equation for the probability. If the contour of the DNA is viewed as "time", this term in the equation may be viewed as "convective". It is then tempting to borrow Taylor's trick from the theory of convective diffusion 10 to eliminate the orientational degrees of freedom so as to reduce the Fokker-Planck equation to the "diffusion" equation in the longitudinal direction. Nevertheless, the analogy is not straightforward because the orientation of the chain is not an independent variable. It turns out to be useful to check the analysis by evaluating the second moment 2 z Δ via an entirely independent route. It is difficult to account rigorously for the boundary condition on the probability owing to the hard channel walls. I adopt a harmonic approximation as discussed by Burkhardt 17 which, if suitably rescaled, appears to provide an accurate representation of the actual physical problem 15, 18 .
Fokker-Planck Equation
The DNA coil is represented by a wormlike chain of contour length and persistence length . It is confined in a nanochannel of square cross-section whose sides are 
G
The DNA chain cannot cross the walls of the nanochannel nor can it bend discontinuously. If n is the inward pointing unit vector perpendicular to the channel
walls, the boundary conditions on the Green function must be that vanishes for as approaches a wall but equal to some constant to be determined in case . Nevertheless, in the main, the chain is confined close to the centeraxis of the channel so it has proven useful to replace the mathematically difficult problem of a worm confined by hard walls by the simpler one of a chain confined harmonically in a potential
2 b x y + along the z axis. Burkhardt solved eq (1) with this potential added 17 , though he discarded the z dependence which he did not need in his analysis to the leading order. By a suitable matching of the two respective problems 15 , an analytical estimate for the elongation of the DNA may be derived which is very close to a recent numerical result 18 .
Thus, the original problem may be replaced by an appropriate harmonic approximation, a caveat I will use to justify several steps in what follows. In the deflection regime, the angle between the chain tangent and the
. In the integration of eq(3) over x and y , the terms at the channel walls are regarded as negligible in accordance with the harmonic approximation (in the latter the integrations are over all space).
Diffusion Equation
The reduced Fokker-Planck eq (5) is quite similar to that occurring in the theory of convective diffusion of particles introduced into the flow within a cylindrical pipe. The shearing flow greatly enhances the bare diffusion because the particles do not move at the wall of the pipe owing to the stick boundary condition pertaining to the fluid whereas the particles are swept away fast by the fluid at the centerline 10 . Nevertheless, the analogy is not exact since the flow is independent of the particle concentration in the latter case; in the polymer problem the distribution of the "velocity" ω depends implicitly on the probability function which needs to be determined (see below).
H
Taylor solved the particle diffusion problem by an iterative Ansatz 10,11 which turns out to be convenient also for the DNA problem at hand. At long "times" , the where B is a constant and a term linear in θ is absent in view of symmetry. The constant is eliminated by averaging eq (7) ( )
Note that, at large , is indeed close to z H H so that the approximation scheme is self-consistent. In the diffusion analogy the "flux" here is the "velocity" ω times the "concentration" integrated over the "cross section" divided by the area. The effective "diffusion coefficient" equals minus the "flux" divided by the gradient
Here, the last simplification arises because the orientation is uniform. We therefore end up with a "diffusion" equation
valid at large and L z , which may also be derived by averaging eq (5).
Eq (10) 
Mean-Square Longitudinal Dispersion
Although eq (13) has been divided at large , we know where
Note that e q (12) at large and N is a dimensionless normalization co q (21) and eq (22) reduce to eq (11) and e L.
he correlation function is computed with the help of eq (19) (20) (21) (22) and depend the scaled variable
is the ion length so that deflect 
Discussion
The "effective diffusion coefficient" computed via the second moment by brute force is given by
(26)
The numerical coefficient differs by less than 10% from the one in eq 1 0.05082 c = (13) . This lends credence to the method adopted of reducing the Fokker-Planck eq (3) to the diffusion eq (13) . In particular, the assumption of interpreting eq (6) as being locally valid along the whole chain seems warranted. Thus, this justifies my use of an angular distribution independent of end effects.
The longitudinal dispersion of long DNA boils down to a computation of the second moment 2 θ .
Previously, we proposed a procedure which maps the statistics of the wormlike chain in a hard-walled nanochannel onto that of a chain confined in a harmonic potential 15 . This uses a coefficient in the free energy derived numerically for the polymer in the former case 20 .
This yields
where c 2 is estimated to be equal to 0.34. A fully numerical analysis of c 2 has also been presented recently: c 2 = 0.3655 18 . These two numbers are so close that the harmonic approximation would seem to be entirely corroborated. Yang et al. 18 also computed c 3 = 0.3402 in the case where the nanochannel is purely cylindrical with A the diameter.
Next, I compare the longitudinal dispersion derived here with experiment. In practice, the nanochannels used are not square but often rectangular (sides A 1 xA 2 ). An extension of eq (9),(26) and (27) to the rectangular case proves that (28) to a very good approximation. Köster et al. studied the thermal fluctuations of F-actin filaments in microchannels by fluorescence microscopy 21, 22 . In particular, they determined the distribution ( ) G z quantitatively which they compared with a numerical evaluation of a summation formula derived by Levi and Mecke 23 . In the latter theory, a variable analogous to b occurs which is used as a fitting parameter but, unfortunately, the relation between b and the size of the microchannel is not discussed. The difficulty is that analytical insight into the behavior of the distribution is hard to achieve via the LeviMecke approach (although their expression does go beyond the Gaussian approximation deduced here). On the other hand, in view of the sixth power law (eq (26)), the typical angle of the F-actin with respect to the center axis of the microchannel is underestimated by merely a factor of 1.2-1.3. Accordingly, it is entirely conceivable that the discrepancy is due to the limitations of the harmonic approximation; the real orientational distribution could be broader than Gaussian. The longitudinal dispers n a rectangular channel was studied earlier 16 24 .
Recent complete simulations 25 do seem to bear out that the present theory underestimates the longitudinal dispersion of stiff chains in c rical channels. At small diameters the distribution ( ) G z is indeed close to a Gaussian but the typical angle needs to be about 1.28 times larger in order to explain the dispersion (using eq (27) with coeffic gation of mulated distributions may explain this factor.
The extension z Δ at midheight is calculated from the Fig. 3 of ref.
21
. The experimental D eff is given by eq (29). The theoretical D eff is computed via eq (28).
